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D license.1. Introduction
Over the last decades, studies of semiconductor quantum dots (QDs), which their size, shape, and
other properties can be controlled in experiments, have received much more attention. It is well
known that the conﬁned electrons in QDs can provide strong blueshift of the photoluminescence fea-
tures from that in the original bulk material, a clear consequence of quantum conﬁnement. The main
features to consider in relation to QDs are geometrical shape, size, and the conﬁning potential. Since
QDs are created mainly through producing a lateral conﬁnement restricting the motion of
the electrons, which are initially conﬁned in a very narrow quantum well, they usually have the shape
of ﬂat disks, with transverse dimensions considerably exceeding their thickness. The energy of
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conﬁned electrons can be considered as two-dimensional. Although most of the work on these sys-
tems is for circular QDs, there have been some recent experimental studies on elliptical QDs [1]. Also,
the investigations by McEuen and co-worker found that the conﬁnement potential of the QDs was
anisotropic [2,3].
The donor problem in a QD is a useful model for understanding the electronic and optical proper-
ties of impurities. This is because the problem of an electron bound to a hydrogenic impurity in the
presence of external factors plays a fundamental role in studying the optical properties of impurities.
Since Bastard [4] ﬁrst calculated the binding energy of a donor, a lot of researchers [5–15] have inves-
tigated the donor states in low-dimensional systems. On the other hand, in the study of the nonlinear
optical property of quantum conﬁned few-electron systems, the donor problem is also inevitable be-
cause the conﬁnement of particles in such structure leads to the enhancement of the oscillator
strength of electron-impurity excitations. Meanwhile, the dependence of the optical transition energy
on the conﬁnement strength allows the tunability of the resonance frequency. Hence, a number of the-
oretical investigations on the nonlinear optical properties of a donor in low-dimensional semiconduc-
tors have been published [16–18].
It is particularly important to investigate the optical properties of QDs because the study of inter-
subband transitions yields important information about the energy spectrum (and other related quan-
tities). The dipole matrix element of the optical transition between the subbands in QDs has
dramatically large value. For semiconductor nanostructures, electron Raman scattering can provide
the direct information on the electronic structure and optical properties [19]. The electronic structure
of nanostructures can be studied through the Raman scattering processes considering different polar-
izations of incident and emitted radiation [20,21]. The calculation of the differential cross-section
(DCS) of Raman scattering remains a rather interesting and fundamental issue to achieve a better
understanding of the semiconductor nanostructures. Experimental researches of the electron Raman
scattering in QDs have been reported in recent years [22–24]. In order to interpret experimental re-
sults, some authors have theoretically investigated the electron Raman scattering of QDs [25–29].
They found that the DCS of Raman scattering in QDs strongly depends on the dot size and the strength
of the external ﬁeld. However, most previous studies have focused on some symmetric external poten-
tials, for anisotropy signiﬁcantly complicates the mathematical analysis. This is unfortunate, for most
real systems are not isotropic, and it is therefore important to understand how anisotropy affects.
Hence, in present work, we will focus on studying the electron Raman scattering of a donor in a
two-dimensional anisotropic QD. We will examine the anisotropy and the quantum size effects on
the DCS of Raman scattering in a two-dimensional anisotropic QD.
2. Theory
The system considered is an electron with a hydrogenic impurity conﬁned in a two-dimensional
anisotropic QD. In the frame of the effective-mass approximation, the Hamiltonian of this system
can be written asH ¼ H0 þ H0; ð1Þ
whereH0 ¼ px
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Hereme is the effective mass of an electron,  is the dielectric constant, and~p is the momentum vector
of the electron originating from the dot center. The two-dimensional conﬁnement is modeled via
harmonic potentials with two different frequenciesxx andxy, which yield the elliptical cross sections
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The eigenfunction and eigenenergy of the low-lying states of a donor conﬁned in a two-
dimensional anisotropic QD without the Coulomb interaction are given byWnxny ðx; yÞ ¼ /nx ðxÞ/ny ðyÞ; ð4ÞandE0nxny ¼ nx þ
1
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; i ¼ x; y: ð7ÞHere H(aii) is the Hermite polynomial, Nni is the normalization constant, and /ni ðiÞ is the normalized
wave function of one-dimensional oscillator. Eq. (1) is solved by means of the variational method. In
the presence of the Coulomb interaction, we choose a set of optimized frequencies Xx and Xy, which
are larger than the original frequencies xx and xy. The values of the Xx and Xy are determined
variationally. Hence, the energy of a donor in an anisotropic parabolic QD can be obtained from the
variational method,Enxny ¼
hWnxnyðx; yÞjHjWnxny ðx; yÞi
hWnxny ðx; yÞjWnxny ðx; yÞi
jminðXx ;XyÞ: ð8ÞWith this basis set, the interaction matrix elements of the Coulomb term can be calculated analytically
and expressed in terms of hypergeometric functions. This analytical expression greatly simpliﬁes the
calculation. The interaction matrix elements are given byhWnxny ðx;yÞjH0 jWnxny ðx;yÞi¼
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=Cðnxþnygþ1Þ; ð9Þwhere F is a hypergeometric function, and g = a + b + c + d. Use of this equation in the calculation of
the Coulomb matrix elements was very important in the solution of the problem, as it gives out the
analytically expression.
The Raman cross section can be given by the perturbation theory. The DCS for electron Raman
scattering in a volume per unit solid angle for incoming light of frequency xl, and scattered light of
frequency xs, is given by by Ref. [30]d2r
dXdxs
¼ V
2x2sgðxsÞ
8p3c4gðxlÞWðxs;
~esÞ; ð10Þwhere g(x) is the refraction index as a function of the radiation frequency,~es is the unit polarization
vector for the emitted secondary radiation, c is the light velocity in vacuum and Wðxs;~esÞ is the
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lated according to Fermi’s golden rule:Wðxs;~esÞ ¼ 2p
h
X
f
jMfij2dðEf  EiÞ: ð11ÞIn Eq. (11), Mﬁ and d(Ef  Ei) are deﬁned byMfi ¼
X
a
hf jHsjaihajHljii
Ei  Ea þ iCa ; ð12ÞanddðEf  EiÞ ¼ Cf
p ðEf  EiÞ2 þ C2f
h i : ð13ÞHere, jii, jai and jfi denote initial, intermediate and ﬁnal states of the system with their corresponding
energies Ei, Ea and Ef, respectively. These energies are determinable by using the variational method.
And Cf is the life-time width. The operator Hl is of the formHl ¼ jejme
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ph
Vxl
s
~el ~p; ~p ¼ ihr; ð14Þwhere me is the free electron mass. This operator describes the interaction with the incident radiation
ﬁeld in the dipole approximation. The Hamiltonian of the interaction with the secondary radiation
ﬁeld is given byHs ¼ jejme
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ph
Vxs
s
~es ~p; ~p ¼ ihr: ð15ÞHere~el is the unit polarization vector for the incident radiation. This Hamiltonian describes the photon
emission by the electron after transitions between conduction subbands of the system. The selection
rules between the energy levels can be calculated from the dipole matrix elements and are as follows:
polarization along the x or y axis: Dn1 = ±1, Dn2 = 0, and the y axis: Dn1 = 0, Dn2 = ±1.
3. Results and discussions
Our numerical computation is carried out for one of the typical semiconducting materials, GaAs, as
an example with the material parameters shown in the following: me ¼ 0:067me, and  = 13.1. These
parameters are suitable for GaAs  Ga1xAlxAs QDs. The lifetimes of the ﬁnal and intermediate states
are Cf = Ca = 1.0 meV. In this work, the DCS of Raman scattering for a three-level system is calculated
for a QD using Eq. (11). We choose the backscattering conﬁguration, where the incident radiation
wave vector is parallel to the z axis, i.e., kikz, and the scattered radiation wave vector parallel to z axis,
i.e., kfkz, with both the polarizations of the incident and scattered wave vectors parallel to the x axis
and y axis, i.e., ZðX;YÞZ. In the initial state we have an electron in theW01 state and an incident photon
of energy ⁄xl with polarization along the x axis. From theW01 state the electron out a transition to the
intermediate state W11 with energy Ea. From the intermediate state the electron undergoes a transi-
tion toward the W10 state, emitting the laser radiation as secondary radiation of energy ⁄xs with
polarization along the y axis.
In Fig. 1, we plot the DCS of Raman scattering of the donor in two-dimensional anisotropic QDs in
the scattering conﬁguration ZðX;YÞZ as a function of the diffusion photon energy for three different
values of the degree of anisotropy, i.e.,xx/x y = 2.25, 4.0, and 9.0 (Ly/Lx = 1.5, 2.0, and 3.0), respectively.
The QD size is deﬁned as the conﬁnement characteristic length R ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃLxLyp . In Fig. 1, the dot size R is set
to be 6.0 nm. From this ﬁgure we can ﬁnd that the degree effect of anisotropy of the QD on the Raman
scattering is signiﬁcant. We observe that the increase in resonance peak of the Raman scattering
results from the increasing the anisotropy degree of QDs. And the resonance peak of the Raman
Fig. 1. Dependences of the DCS of Raman scattering of a donor in a two-dimensional anisotropic QD ZðX;YÞZ as a function of
photon energy for the three different xx/xy values with R = 6.0 nm.
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occurs because the energy difference Efa between the Wa and Wf states will increase with increasing
xx/xy. Hence, it is possible to manage the resonance frequency and the amplitude of the electron
Raman scattering by controlling the anisotropy degree of QDs.
Furthermore, in order to investigate the inﬂuence of geometrical size of QDs, we plot, in Fig. 2, the
DCS of Raman scattering of a donor in two-dimensional anisotropic QDs ZðX;YÞZ as a function of the
diffusion photon energy for three different dot sizes. Here, the degree of anisotropy is set to be
xx/xy = 4.0. The plots indicate that the all peak positions of DCS shift to lower energies (red shift) with
increasing R. This redshift occurs because the energy difference Efa between theWa andWf states will
decrease with increasing R. Fig. 2 also show that, as R is increased, the peak values of the DCS decrease.
Hence, the inﬂuence of geometrical size of QDs is also very important on the Raman scattering of a
donor in anisotropic QDs.Fig. 2. Dependences of the DCS of Raman scattering of a donor in a two-dimensional anisotropic QD ZðX;YÞZ as a function of
photon energy for the three different R values with xx/xy = 4.
Fig. 3. Dependences of the DCS of Raman scattering of a donor in a two-dimensional anisotropic QD ZðY ;XÞZ as a function of
photon energy for the three different xx/xy values. The parameters are taken the same as in Fig. 1.
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netic wave, we plot, in Fig. 3, the DCS of a donor in two-dimensional anisotropic QDs in the scattering
conﬁguration ZðY ;XÞZ as a function of the diffusion photon energy for three different values of the de-
gree of anisotropy. The parameters are taken the same as in Fig. 1. In the initial state we have an elec-
tron in theW10 state and an incident photon of energy ⁄xl with polarization along the y axis. From the
W10 state the electron out a transition to the intermediate state W11 with energy Ea. From the inter-
mediate state the electron undergoes a transition toward theW01 state, emitting the laser radiation as
secondary radiation of energy ⁄xs with polarization along the x axis. It is readily seen that Fig. 3 shows
the qualitative properties of DCS are in good agreement with those of Fig. 1. As we can see that as the
degree of anisotropy increases, the all DCS peaks will move to the right side and the intensities of DCS
increase. However, the quantitative difference is also obvious. By comparing the DCS peak values of
Fig. 3 with those of Fig. 1 we can see that the results of Fig. 3 are one order of magnitude higher than
in Fig. 1. Hence, the Raman scattering in a anisotropic QD is strongly affected by the polarized direc-
tion of the incident electromagnetic wave.
In conclusion, we have investigated a donor in a two-dimensional anisotropic QD. Using the vari-
ational method, the DCS of electron Raman scattering as a function of the diffusion photon energy for
the different ratioxx/xy values and the dot sizes, respectively, are obtained. The results show that the
DCS of electron Raman scattering of a donor in anisotropic QDs is strongly affected by the dot size, the
degree of anisotropy of the QD, and the polarized direction of the incident electromagnetic wave. To
our knowledge, there are only few studies on the electron Raman scattering of anisotropic QDs. With
respect to the lack of such studies, we believe that our study makes an important contribution to the
literature.Acknowledgment
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